For the canonical commutation relations in infinite dimensions, we offer an explicit direct construction of Weyl representations generated from the Fock representation by polynomial transformations of arbitrary degree, solving a problem posed by Proksch, Reents and Summers. Our solution employs new approaches to Hilbert-Schmidt polynomials and their Wick ordering.
Introduction
Representations of the canonical commutation relations (or CCR) provide a standard mathematical framework in which to discuss bosonic systems. There are two types of such representations associated to a real vector space V equipped with a symplectic form Q. The case most commonly considered is that in which V is the real vector space underlying a complex Hilbert space and Q is the imaginary part of the complex inner product In this case, there are several thoroughly studied classes of representations of the CCR over (V, Q] . Most familiar of these is the Fock representation, which comes in a number of equivalent versions and is suitable for describing a free boson field. Less familiar but also well studied are the coherent representations and the quasifree representations; both classes arise when Fock representations are subjected to certain standard operations. Recently, a new class of representations of the CCR over (V, JO) was introduced and studied by Proksch, Reents and Summers [7] . These are called quadratic representations of the CCR: as originally constructed, they arise when Fock field operators are subjected to quadratic transformations; the resulting Heisenberg representations actually exponentiate to yield Weyl representations. In [8] we presented a direct construction of these quadratic Weyl representations, entirely circumventing the Heisenberg representations and so obviating the need to deal with unbounded operators.
Our primary aim in this paper is to present a uniform direct construction of Weyl representations generated from the Fock representation by means of polynomials of arbitrary degree; this solves a problem raised by Proksch, Reents and Summers. We have two secondary aims related to the technical machinery involved in our construction: the one is to offer a new approach to Hilbert-Schmidt polynomials; the other is to offer a new approach to the Wick-ordering of such polynomials. Our primary aim is likely to be of greatest interest to quantum field theory; in particular, the nonlinearity inherent to polynomial Weyl representations suggests that they might play a role in the construction of interacting fields. Our secondary aims are likely to be of interest more generally, for example in functional analysis and stochastic analysis.
The following brief outline of our construction may be helpful as orientation. Considering first the finite-dimensional situation, let W™ have the standard inner product and let M 2w have the symplectic form given by where xi, x 2 For passage to infinite dimensions, the Schrodinger representation is replaced by the version of the Fock representation called the renormalized Schrodinger representation on Q-space, in which the Lebesgue measure is replaced by a consistent family of Gaussian probability measures on finite-dimensional subspaces. In order for the polynomial function A to define (as a strong limit) a unitary operator UA on Q-space, it should be of Hilbert-Schmidt class (as a growth condition) and Wick-ordered (relative to the Gaussian measures) . Notice that if A is a degree d + 1 homogeneous polynomial then A u is a polynomial of degree at most d for each vector u\ consequently, requiring that A be Hilbert-Schmidt is more stringent than requiring that each A u be Hilbert-Schmidt. Accordingly, we assume of the polynomial A that each yl M is Hilbert-Schmidt and define a polynomial Weyl representation WA by the infinite-dimensional analogue of (*).
In Section I we offer an essentially self-contained account of HilbertSchmidt polynomials. Our account differs from conventional ones: for example, Hilbert-Schmidt polynomials and their norms are deliberately defined without reference to orthonormal bases, thereby avoiding the need to check independence of choices. The approach may be tailored to suit Hilbert-Schmidt multilinear forms, Hilbert-Schmidt operators and so on. A more conventional account (incorporating boundedness as a hypothesis) may be found in [6] . In Section H we offer a largely self-contained account of Wick-ordering for Hilbert-Schmidt polynomials. Our account here is also out of the ordinary: for example, both the Wick transform and its inverse are defined without reference to orthonormal bases. For accounts of Q-space and the renormalized Schrodinger representation, we refer to [2] [5] [9] [10] [12] . In Section HI we construct the polynomial Weyl representations of our title, illustrating the construction by examples in which the polynomial has low degree. If the polynomial A is (d + 1) -homogeneous, then when d <2 the representation WA arises from the renormalized Schrodinger representation by an inhomogeneous linear canonical transformation while when d = 2 the representation WA is quadratic as in [7] and [8] ; when d > 2 the representation WA is new. Finally, we discuss briefly certain issues stemming from our construction. 
II. Wick-Ordered Polynomials
In principle, the Wick ordering of Hilbert-Schmidt polynomials amounts to their orthogonalization relative to a Gaussian distribution on Hilbert space. To explain this in detail, we begin by recalling basic facts pertaining to Hermite polynomials and presenting a very brief account of Q-space.
Fix a positive number a and let {J. denote the Gaussian probability measure on ffi. having density function relative to normalized Lebesgue measure, so that /n is the law of a normal random variable having variance a 2 and mean zero. The Hermite polynomials .£P(s) are the monic polynomials that arise when the powers s n are orthogonalized relative to the weight p.. Explicitly, if n e N then the Hermite polynomial If 1 : ffi -»ffi has value at s^ ffi given by
For our purposes, the following equivalent definition and fundamental properties will be particularly important. 
D
We should mention that the literature contains different conventions regarding Hermite polynomials. Thus, Hermite polynomials are sometimes normalized so as to have unit norm rather than to be monic. Also, the variance a 2 of the Gaussian is usually assigned a specific value: typically, either <7 2 = 1 or
To construct Q-space, we proceed as follows. 
The expression for the norm of /X02) in M(l) conies straight from Theorem
n
We remark that as H** is a degree n monic real polynomial, so the difference r(<pZ) -(pu is a (real) polynomial based on the line spanned by u and has degree strictly less than n. 2 We shall continue to use the same symbol to denote the unique extension of UA to an isometric linear map from IE (L) to itself. 
It is a familiar fact that if M^3^(L) then H(M) has its subset H Q (M) of bounded elements as a dense subspace; consequently, the union is a dense subspace of M(L). It follows that the linear isometry UA :F 0 (L)~* IE(L) constructed above extends uniquely to a linear isometry U A : M(L)-* JE(L). Observe that if/eH(L) then the net (U AM f\ M^3F(L)) converges to U A f: indeed, if e>0 is given and iff 0^H o(L) is chosen so that ||/-/o||^£ then

\\U A f-U AM f\\
and we need only recall that the net (U AM fv'. M^3F(L)) converges to U A fo. 
III. Polynomial Weyl Representations
Once again, L is a real Hilbert space with ('| e ) as its inner product. We The complex structure / distinguishes a canonical irreducible Weyl representation of (V, Q) : its Fock representation, which has several equivalent versions. We find it convenient to work with the version known as the renormalized Schrodinger (or real wave) representation, of which we offer a brief account. Henceforth, the variance of the Gaussian distribution component of Q-space will have the specific value a 2 =-^fi .
The renormalized Schrodinger representation of V is carried by Q-space over L and will be denoted by [11] . D
In the next example, Wick-ordering makes its presence felt for the first time; by way of preparation, we insert the following basic formula. 
For obvious reasons, we shall not insist on exhibiting a similarly explicit formula for the resulting Weyl representation WA. As a matter of fact, this WA belongs to an unfamiliar class of Weyl representations. In fact WA is precisely a quadratic Weyl representation as presented in [8] . 
w. n
A remark is in order here. In [8] we constructed a quadratic Weyl representation in terms of the metaplectic representation engendered by the renormalized Schrodinger representation. There, each quadratic Weyl operator was expressed as the product of three unitaries: a renormalized Schrodinger Weyl operator precomposed with a symplectic automorphism; the square of an element of the metaplectic group implementing the same symplectic automorphism; and a scalar factor (the exponential of a imaginary cubic) which had to be inserted by hand in order to satisfy the Weyl cocycle. An important aspect of the approach taken in the present paper is that the somewhat mysterious unitary scalar factor is automatically incorporated in the construction.
Discussion
Our account of polynomial Weyl representations raises a number of questions, some of which we discuss briefly in this final section.
First of all, it is reasonable to ask for a simplification of the technical details involved in establishing our conjecture that if the representations WA' and WA" are unitarily equivalent then the difference between A' and A" is actually Hilbert-Schmidt. A possible approach is to base polynomial Weyl representations not on the real wave representation but rather on the complex wave representation due to Segal. This alternative version of the Fock representation acts on a space of antiholomorphic functions square-integrable relative to a Gaussian distribution arid has the technical advantage that each bounded linear operator on the carrier space is an integral operator, integration being in the functional sense. This circumstance suggests the possiblity of making intertwining operators between the complex wave representation and derived polynomial Weyl representations very explicit in terms of integral kernels. For the complex wave representation and its relation to the real wave representation via the (renormalized) Bargmann transform, we refer to [2] .
It is natural to ask for an abstract characterization of polynomial Weyl representations, perhaps along the lines of known characterizations for Weyl representations in other classes. For example, the Fock representation associated to a complex structure may be characterized by the fact that its carrier space contains the vacuum as a cyclic vector in the kernel of each corresponding annihilator; it may also be characterized in terms of the number operator N or the strongly continuous one-parameter unitary group (e ttN : £€=IB.). The coherent representations and quasifree representations also have familiar characterizations: the former in terms of the vacuum as a common eigenvector for annihilators; the latter in terms of the vanishing of higher order truncated vacuum expectation values. For a variety of reasons, it would be helpful to have a characterization (in similar terms or otherwise) of polynomial Weyl representations by which to recognize them abstractly.
As noted earlier, if g is a symplectic automorphism of (V, Q) then Wo°g is a version of the Fock representation corresponding to the complex structure gjg~l. A celebrated theorem of Shale [11] implies that W Q o g is unitarily equivalent to W Q if and only if the commutator gj -Jg is a Hilbert-Schmidt operator. This leads directly to the construction of the metaplectic group and its metaplectic representation, of importance in numerous contexts. A natural project is to consider the effect of symplectic automorphisms on polynomial Weyl representations and in particular to determine precise necessary and sufficient conditions on the symplectic automorphism g and the differentially Hilbert-Schmidt polynomial A in order that the Weyl representations W A°g and WA be unitarily equivalent. Of course, an abstract characterization of polynomial Weyl representations is likely to be beneficial here.
The Weyl representations constructed in the present paper were generated by differentially Hilbert-Schmidt polynomials. We could consider extending the construction, replacing real polynomials by real analytic functions. For this purpose, it is probably convenient to absorb the variance a 2 = -yjh by appropriately rescaling the inner products between tame homogeneous polynomials, so that the Wick transform F: PL-»IHI(L) becomes an isometry and extends to an isometry on the Hilbert space completion PL each of whose elements may be regarded as a Hilbert-Schmidt analytic function on L. We may then consider the process of generating Weyl representations from W 0 by means of differentially Hilbert-Schmidt analytic functions: needless to say, we can expect that those generated by Hilbert-Schmidt analytic functions will be unitarily equivalent to Wo; the others should again be new. Another direction in which to extend the present paper is to vary the basic representation. The Fock representation Wo was chosen primarily on account of its technical convenience, it being relatively straightforward to handle rather explicitly. We may consider replacing the Fock representation by another Weyl representation and performing the same type of operation to generate further Weyl representations. For convenience, a quasifree representation might be chosen as basic: quasifree representations admit a standard description in terms of Fock representations by means of a doubling procedure; see [1] and [4] . When comparing Weyl representations in such a case, it would be sensible to replace the notion of unitary equivalence by the more general notion of quasiequivalence.
